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Abstract

Practical difficulties arise in fitting Mitscherlich, Verhulst, or West growth curves to
data. Obstacles include divergent iterations, negative values for theoretically positive
parameters, or the absence of any best-fitting curve. An analysis reveals that such ob-
stacles occur near removable singularities of the objective function to be minimized for
the regression. Such singularities lie at the transition to different types of curves, in-
cluding exponentials, hyperbolae, lines, and step functions. Removing the singularities
fits all such curves into a connected compactified topological space, which guarantees
the existence of a global minimum for the continuous objective function, and which
also provides a smooth and transparent transition from one type of curve to another.
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0. Introduction

This article determines the existence, or the absence, of “best” shifted exponential
curves (1), called Mitscherlich’s laws, relative to weighted or generalized (correlated)
least squares. Also called asymptotic regression [43], [47], [54], the problem consists in
fitting to data points (t1, q1), . . . , (tN , qN ) the parameters A, B, and C in equation (1):

q = A · eC·t +B. (1)

Equation (1) describes all phenomena modeled by the first-order linear differential
equation

dq

dt
= C · (q −B) (2)

with constant coefficients B and C 6= 0, and hence also by Bernoulli equations [51, p.
58–59]. For instance, West’s recent model of ontogenetic growth of organisms [62],

dm

dt
= a · (m3/4 −m/M1/4), (3)
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is a Bernoulli equation, which reduces to equation (2) for q := m1/4:

d

dt
(m1/4) =

−a
4 ·M1/4

· (m1/4 −M1/4), (4)

with B = M1/4 and C = −a/(4 ·M1/4), or M = B4 and a = −4 · B · C. The
solution

m1/4(t) = M1/4 + (m1/4
0 −M1/4) · ea·(t0−t)/(4·M

1/4) (5)

is Mitscherlich’s law (1) with A = (m1/4
0 −M1/4) · ea·t0/(4·M1/4), or m1/4

0 = A ·
e−C·t0 + B. If A,B, q > 0, then K := 1/B, D := ln(A/B), and y := 1/q give a
Verhulst curve (6):

y =
K

1 + eD+C·t . (6)

Applications of Mitscherlich, West, and Verhulst curves (1), (5), and (6) include, for
instance,

1. agronomy, to evaluate and optimize the efficiency of fertilizers [47], [54];
2. chemical kinetics [24, p. 20, eq. (29)], [31, p. 993], [36, p. 65], [41], [42], [46, p.

393, eq. (1)], to identify the type of chemical reaction occurring in experiments;
3. population growth [4], [5], [13], [61], [25], [30], [33], [44], [49], [52], [59], [60];
4. physiology, to model the growth over time of plants and animals [50], [62], or

individual organs, for example, wing span [23, p. 808];
5. rheology [15].

Hence arises the need to estimate the parameters A, C, and B or K, that fit the data
best relative to generalized (ordinary, weighted, or correlated) least squares [58]. Gen-
eral theorems already provide sufficient conditions on the monotonicity and convexity
of the data for the existence of a weighted least-squares Mitscherlich curve [21] or
necessary and sufficient conditions for a weighted least-squares Verhulst curve [29].
Examples show that there are data that fail to satisfy the hypotheses of such theorems
and for which no best-fitting curves exist [9], [10], [11], [21]. Alternatively, computed
solutions yield negative values for theoretically positive parameters:

A successful fit results in positive values for [K] and [−C] but data which
deviate too far from the model result in either a fit to a curve with a negative
[K] or negative [−C] [33, p. 94, § 2].

The present shows that such situations reflect features of the modeled phenomenon.
For instance, replacing the Verhust equation (6) by the modeling differential equation

dy

dt
=

C

K
· y · (K − y), (7)

L. J. Reed and J. Berkson [49, p. 765] had already pointed out that the solution curve
y becomes a hyperbola if A · B < 0 and C/K remains constant while K tends to
0, though they did not mention the possibility that the solution becomes a Malthusian
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[35, II.7] exponential growth curve as K diverges to +∞. In either case C/K need
not remain constant but need only converge to a limit. A similar situation occurs as A
tends to 0. Neither did Reed and Berkson [49] mention why or how parameters would
diverge, converge to anything, or change in the first place. Indeed, they selected the
type of curve to be fitted before starting the regression, which never failed for their
examples [49, p. 769–779]. The present analysis shows that the limits happen to lie
exactly at a removable singularity of the objective function for the generalized least-
squares regression.

Specifically, the present work first extends the literature from weighted to poten-
tially correlated least squares with potentially non-invertible covariance matrices, sec-
ond reveals that the correlated least-squares objective function extends analytically to
the special case of straight lines and continuously to step functions, and third extends
such results to West’s ontogenetic growth curves.

The strategy adopted here consists of fixing one parameter, C for Mitscherlich’s
law (1), and in analyzing the explicit formulae for the solutions of the generalized
linear least-squares regression with the other two parameters, A and B, in terms of the
fixed parameter C.

To this end, Sections 1 and 2 are akin to [22, Ch. 4] but extended to generalized
least squares with semi scalar-products. Section 1 summarizes motivations for gen-
eralized least squares from probability or statistics. Section 2 summarizes solutions
for generalized least squares using only linear algebra, without probability or statis-
tics. Section 3 applies the previous sections to regressions for Mitscherlich’s law (1)
parametrized by C. Using [64], Section 4 generalizes the previous sections further to
handle singular covariance matrices. Section 5 establishes sufficient criteria for a best-
fitting Mitscherlich’s law (1) to be the reciprocal of a Verhhulst curve (6). Section 6
presents examples with real data.

1. Notation for Generalized Least-Squares

Though the numerical solution of least-squares problems proceeds more accurately
with other algorithms [6], [18], [32], the present analysis and resolution of singularities
uses explicit formulae for the solutions. Moreover, examples from Section 6 show that
the data may be highly correlated, in the sense that in the covariance matrix entries
are larger off than on the diagonal. To allow for such correlations, the present analysis
allows for a generalized regression, which arises in fitting a least-squares line to data
(x1, y1), . . ., (xN , yN ) in the plane as described in [20, p. 35–42 & 112–114]. Specif-
ically, each point (xk, yk) may be the average of repeated measurements (xk, yk,1)
. . ., (xk, yk,Mk

), with the same absissa xk but different ordinates yk,1, . . ., yk,Mk
with

mean yk = (yk,1 + · · ·+yk,Mk
)/Mk. Consequently, the measurements yk,1, . . ., yk,Mk

are modeled as values of a random variable Yk with expectation EYk. The random vari-
ables Y1, . . . , YN may be correlated with a symmetric nonnegative covariance matrix
V defined by [16, § 22.3]

Vk,` = E [(Yk − EYk) · (Y` − EY`)].

A linear model for such data consists of N linear equations Yk = A · xk + B + εk,
where each εk is a random variable with Eεk = 0. With the column vectors ~P =
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(A,B)′, ~Y = (Y1, . . . , YN )′, ~x = (x1, . . . , xN )′, ~0 = (0, . . . , 0)′, ~1 = (1, . . . , 1)′, ~ε =
(ε1, . . . , εN )′, where ′ denotes transposition, and with the design matrix X = (~x,~1),
the model becomes

~Y = X · ~P + ~ε.

The problem consists of estimating the vector of parameters ~P . A linear transforma-
tion into uncorrelated variables simplifies matters. To this end, assume first that V is
invertible, and let T be any matrix such that T ′ · T = V −1, so that V = T−1 · (T−1)′,
and define

~Z = T · ~Y .

Under the hypothesis of a vanishing expectation Eε = ~0, the random vector ~Z has
expectation

E ~Z = T · E ~Y = T ·X · ~P

and covariance matrix T · V · T ′ = I [27, p. 410, ex. 12.4]. With the Euclidean
norm ‖~p‖2 defined by ‖~p‖22 = ~p′ · ~p, a best linear unbiased estimate of the vector of
parameters ~P = (A,B)′ is a solution ~P∗ = (A∗, B∗)′ minimizing the objective [48, §
3.3], [57, p. 144]

L(~P ) := ‖T ·X · ~P − T · ~y‖22 = (X · ~P − ~y)′ · T ′ · T · (X · ~P − ~y). (8)

The literature formulates the generalized least-squares solution ~P∗ = (A∗, B∗)′ from
the normal equations in terms of (X ′T ′TX)−1 or with pseudo-inverses [1], [6, p. 7],
[20, p. 108–116], [32, p. 37], [48, p. 47–50], [55, p. 5], [56, p. 246], but here a
different notation, elaborating on [12], [34, p. 209], is convenient to track solutions as
parameters change. The derivations hold not only for V −1, but also for any symmetric
nonnegative semi-definite generalized inverse V −, defined as any matrix such that V ·
V − · V = V , and any matrix T such that T ′ · T = V − [64, p. 1194] and T ·~1 6= ~0. (If
T ·~1 = ~0, then T ·X · ~P = T · ~x ·A+~0 ·B in the objective (8), so that B cannnot be
estimated). Thus T defines a semi scalar-product

〈~p, ~q〉 := ~p′ · T ′ · T · ~q (9)

and an induced semi-norm ‖~p‖2 := 〈~p, ~p〉 [63, p. 250 & p. 23], which reduce general-
ized least squares to ordinary least squares: for all sequences ~p, ~q ∈ RN , re-define their
mean meanT (~p), variance varT (~p), covariance covT (~p, ~q), and correlation coefficient
corT (~p, ~q) by

meanT (~p) :=
〈~p,~1〉
〈~1,~1〉

=
~p′ · T ′ · T ·~1
~1′ · T ′ · T ·~1

, (10)

covT (~p, ~q) :=
〈~p−meanT (~p) ·~1, ~q −meanT (~q) ·~1〉

〈~1,~1〉
, (11)

varT (~p) := covT (~p, ~p), (12)

corT (~p, ~q) :=
covT (~p, ~q)√

varT (~p) · varT (~q)
. (13)
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For each finite squence ~p, define the centered sequence by p̌ := ~p−meanT (~p) ·~1. The
following identities will then lead to further simplifications:

meanT (~1) :=
〈~1,~1〉
〈~1,~1〉

= 1, (14)

meanT (p̌) =
〈~p−meanT (~p) ·~1,~1〉

〈~1,~1〉
= meanT (~p)−meanT (~p) = 0. (15)

2. Solutions for Generalized Least-Squares

With the Euclidean inner product replaced by the semi scalar-product (9) defined by
T , the same calculations as for ordinary least squares show that the line of generalized
least squares, which minimizes the objective (8), passes through the generalized mean
(meanT (x),meanT (y)) defined by formula (10). Algebra gives the following solution,
with all formulae gathered here at the same place:

A∗ =
〈~y −meanT (~y) ·~1, ~x−meanT (~x) ·~1, 〉
〈~x−meanT (~x) ·~1, ~x−meanT (~x) ·~1, 〉

=
covT (~x, ~y)

varT (~x)
; (16)

B∗ = meanT (~y)−A∗ ·meanT (~x); (17)
y = A∗ · [x−meanT (~x)] + meanT (~y). (18)

L(A∗) = 〈~1,~1〉 · varT (~y) ·
[
1− corT (~x, ~y)2

]
. (19)

3. Asymptotic Generalized Least-Squares Regression

This section focuses on fitting to data the parametersA, B, and C of Mitscherlich’s
law (1), including the limiting cases where C either tends to 0 or diverges to ±∞,
subject to the following standing hypotheses.

Hypotheses 1. With R denoting the set of all real numbers, the present theory pertains
to a weight matrix T ∈ RN×N and data points (tk, qk) for k ∈ {1, . . . , N} such that

(1.1) qk > 0 for every k ∈ {1, . . . , N};

(1.2) there exist k, ` ∈ {1, . . . , N}, with tk 6= t`; in particular, N ≥ 2;

(1.3) for all k, ` ∈ {1, . . . , N}, if k < `, then tk ≤ t`, so that t1 ≤ · · · ≤
tN ;

(1.4) T depends continuously on the parameter C ∈ [−∞,+∞], with T ·
~1 6= ~0.

Defining a generalized Mitscherlich law to be a Mitscherlich law, or a line, or a
step function, leads to the main result.

Theorem 2. For each data set satisfying hypotheses 1 there exists a generalized least-
squares generalized Mitscherlich law.
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Proof. The proof forms the object of the present section. Subsections 3.1, 3.2, and 3.3
show that the objective (26) has a continuous extension, also denoted by F , to the
extended real line [−∞,+∞] with the topology of the two-point compactification.
Consequently, F has a global minimum.

In applications, if the covariance matrix V is invertible, then the weight matrix T
can be any constant matrix such that T ′ ·T = V −1. If V is not invertible, however, then
T is not constant but depends on C ∈ [−∞,+∞] in a specific way, as explained in
Section 4. Nevertheless, the denominator 〈~1,~1〉 = ~1′ · T ′ · T ·~1 > 0 remains bounded
away from 0 by uniform continuity on the compact interval [−∞,+∞]. Therefore,
to simplify notation, Sections 3, 4, and 5 use the notation T instead of TC and 〈 , 〉
instead of 〈 , 〉TC

.
A common method for fitting Mitscherlich’s law (1) to data proceeds by unweighted

non-linear least-squares regression [43, p. 328], [47, p. 499], [54, p. 250], minimizing

F (A,B,C) :=
N∑
k=1

(
A · eC·tk +B − qk

)2
. (20)

Its Hessian matrix has been derived in the literature [54, p. 250, eq. (2.3)], but F has
a singularity, hitherto seemingly unnoticed, along the planes where A = 0 or C = 0,
where its Hessian matrix is singular. To remove the singularity, define the change of
variable

xCk := eC·tk . (21)

With the notation ~xC := (xC1 , . . . , x
C
N )′ and a weight matrix T , the objective (20)

becomes

F (A,B,C) :=
∥∥∥∥T · [(~xC ,~1) ·

(
A
B

)
− ~q
]∥∥∥∥2

2

. (22)

Then for each rate C 6= 0 the regression amounts to a linear regression for qk versus
xCk . AsC tends to 0, so does the smallest singular value ofXC := (~xC ,~1); the pseudo-
inverse X†C becomes unbounded and consequently need not be a continuous function
of the entries of XC [32, p. 44]. Thus the shortest least-squares solution does not
remove this singularity. Several cases can arise, according to the values of C, limC→0,
limC→+∞, and limC→−∞.

3.1. Finite Non-Zero Growth Rate
If C 6= 0, then xCk 6= xC` for some k and `, whence varT (xC) > 0 by hypothe-

sis (1.2). Formulae (16) – (18) in Section 2 withX = (~xC ,~1) then yield the generalized
least-squares line with slope AC and intercept BC in the form

AC =
covT (~xC , ~q)

varT (~xC)
, (23)

BC = meanT (~q)−AC ·meanT (~xC), (24)
q = meanT (~q) +AC ·

[
xC −meanT (~xC)

]
. (25)
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Substituting formulae (23) and (24) back into the objective function (22) gives an ob-
jective function F of the single variable C analogous to the objective function (8):

F (C) := L(AC) =
∥∥∥T · {AC · [~xC −meanT (~xC) ·~1

]
−
[
~q −meanT (~q) ·~1

]}∥∥∥2

2
.(26)

Closed-form formulae for a solution C to F ′(C) = 0, if any, seem elusive: already
for the special case of N = 4 equally spaced abscissae, and with T = I , the equation
F ′(C) = 0 is a polynomial equation of degree 6 in z := eC [47, p. 499]. Nevertheless,
Subsections 3.2 and 3.3 show that F has a continuous extension to the compact interval
[−∞,+∞], which guarantees the existence of at least one global minimum.

3.2. Growth Rate Near Zero
If C = 0, then xCk = 1 = xC` for all k and `, whence the variance of xC vanishes.

For C near 0 but C 6= 0, Subsection 3.1 applies; with o(h) or O(h) denoting any term
such that limh→0 o(h)/h = 0 or limh→0O(h) = 0, formula (21) leads to

xCk − 1
C

=
eC·tk − 1

C
=

M∑
j=1

Cj−1 ·
tjk
j!

+O(CM ), (27)

xCk −meanT (~xC)
C

=
xCk − 1
C

−meanT

(
~xC − 1
C

)
= tk −meanT (~t) +O(C).(28)

Substituting formulae (27) and (28) into formula (23) and algebra gives

lim
C→0

AC · [xC −meanT (~xC)] =
covT (~t, ~q)

varT (~t)
· [t−meanT (~t)] = A∗ · [t−meanT (~t)].(29)

Thus formulae (25) and (29) show that the fitted equation (25) converges to the line of
generalized linear least squares for q versus t:

lim
C→0

q = meanT (~q) +A∗ · [t−meanT (~t)]. (30)

Also, substituting the same limit (29) back into formula (26) for the objective shows
that

lim
C→0

F (C) = 〈~1,~1〉 · varT (~q) ·
[
1− corT (~t, ~q)2

]
, (31)

which also reproduces equation (19). Consequently, F has an analytic extension, also
denoted by F , across C = 0, where the regression seamlessly fits the least-squares line
with equation

q = A∗ · t+B∗, (32)

or, equivalently, the hyperbola with equation y = 1
A∗·t+B∗ , explaining one of Reed and

Berkson’s special cases [49, p. 765]. In the case with A∗ = 0 6= B∗, this hyperbola
also includes the straight horizontal line y = 1/B∗, which also corresponds to A = 0
in y = K/(1 +A · eC·t).
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3.3. Growth Rate Diverging to Infinity
ForC diverging to +∞, factoring out the largest term xCN in formulae (21) and (23)

gives limC↗+∞AC · eC·t = 0 and limC↗+∞AC · xCk = 0 for t < tN and 1 ≤ k ≤
N − 1. For k = N , define the temporary abbreviation

LN := lim
C↗+∞

meanT (~xC)
xCN

= lim
C↗+∞

1
xCN
· 〈~x

C ,~1〉
〈~1,~1〉

=
〈~eN ,~1〉
〈~1,~1〉

. (33)

Hence the limit (33) combined with equation (15) and more algebra leads to

lim
C↗+∞

AC · [xCN −meanT (~xC)] =
〈~q −meanT (~q)~1, ~eN 〉

〈~eN , ~eN 〉
. (34)

Therefore formulae (26) and (34) show that limC↗+∞ F (C) exists. To show that the
limiting fitted curve is a step function, split each ~v ∈ RN in the form ~v = ṽ+ vN · ~eN .
Thus

meanT (~q) =
〈~q,~1〉
〈~1,~1〉

=
〈q̃ + qN · ~eN ,~1〉

〈~1,~1〉
=
〈q̃,~1〉
〈~1,~1〉

+ qN ·
〈~eN ,~1〉
〈~1,~1〉

. (35)

At t := tN ,

lim
C↗+∞

q(tN ) = lim
C↗+∞

{
meanT (~q) +AC ·

[
eC·tN −meanT (~xC)

]}
(36)

= meanT (~q) +
〈~q −meanT (~q)~1, ~eN 〉
〈~eN − LN~1, ~eN − LN~1〉

· 〈
~1− ~eN ,~1〉
〈~1,~1〉

(37)

= qN +
〈q̃ −meanT (~q)1̃, ~eN 〉

〈~eN , ~eN 〉
6= qN

except if 〈~ek, ~e`〉 = δk,`, or q1 = · · · = qN , by equation (34). For t < tN ,

lim
C↗+∞

q(t) = lim
C↗+∞

meanT (~q) +AC ·
[
eC·t −meanT (~xC)

]
(38)

= meanT (~q) + 0− 〈~q −meanT (~q)~1, ~eN 〉
〈~eN − LN~1, ~eN − LN~1〉

· 〈~eN ,
~1〉

〈~1,~1〉
. (39)

If 〈~q − meanT (~q)~1, ~eN 〉 6= 0, then the values (37) and (39) differ from each other,
because if 〈~1 − ~eN ,~1〉 = −〈~eN ,~1〉, then adding 〈~eN ,~1〉 to both sides yields ‖~1‖2 =
〈~1,~1〉 = 0. Thus the fitted curve consists of a straight horizontal half-line on ]−∞, tN [
and a point at tN .

Substituting equation (35) into (39) shows that the coefficient of qN vanishes, so
that

lim
C↗+∞

q = meanT (q̃) + 0− 〈q̃ −meanT (q̃)~1, ~eN 〉
〈~eN − LN~1, ~eN − LN~1〉

· 〈~eN ,
~1〉

〈~1,~1〉
. (40)

Similar results hold as C diverges to −∞. Substituting formulae (36)–(37) and (38)–
(39) in formula (26) shows that F extends continuously to [−∞,+∞].
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4. Fitting Mitscherlich Curves with Singular Covariance Matrices

The preceding considerations apply to any weight matrix T ∈ RN×N with T ·~1 6=
~0. Specific choices for T lead to specific features of the solutions. For instance, if the
covariance matrix V of the data is invertible, then for each C the solutions AC and BC
are best linear unbiased estimators of A and B if and only if T ′ · T = V −1. However,
“singular covariance matrices arise naturally in certain important classes of statistical
problems” [64, p. 1190–1191]. If V is singular, then the solutions are best linear
unbiased estimators if and only if T ′ · T = V − is a generalized inverse of V , which
means that V · V − · V = V , with the additional condition that V · (V −)′ projects the
range ofX ,R(X), ontoR(X)∩R(V ) [64, p. 1193]. This section shows that for some
applications there is such a matrix T depending continuously on C ∈ [−∞,+∞].

The foregoing conditions on T can be met with a positive definite matrix T ′ · T , so
that T ·~1 6= ~0, as follows [64, p. 1194, eq. (3.6)]. Let the Singular-Value Decomposition
of V be

V = U · Σ · U ′ =
(
U1 U0

)
·
(
D 0
0′ 0

)
·
(
U ′1
U ′0

)
, (41)

where U = (U1, U0) ∈ RN×N is orthogonal, U1 ∈ RN×r spans R(V ), U0 ∈
RN×(N−r) spans the nullspace N (V ), and D = diagonal(σ1, . . . , σr) ∈ Rr×r is pos-
itive definite diagonal. Following [64, p. 1193], extend any basis S forR(X) ∩R(V )
to any basis (S,R) ofR(X):

(S,R) =
(
U1 U0

)
·
(
A B1

0 B0

)
,

where A ∈ Rr×k, B1 ∈ Rr×`, B0 ∈ R(N−r)×`. There is a matrix K ∈ Rr×(N−r)

with B1 = K · B2, and hence V · (V −)′ · R = 0 [64, p. 1193]. Define a non-singular
matrix T by

T =
(
D−1/2 −D−1/2 ·K

0 I

)
· U ′. (42)

4.1. Ranges Allowing for Constant Weight Matrices
IfR(X) ⊆ R(V ), then S = X = (~xC ,~1),R = ∅,K = 0, and T = diagonal(D−1/2, I)·

U ′. This situation contains the case where V is invertible, because thenR(X) ⊆ RN =
R(V ). If X = (~xC ,~1) andR(X) 6⊆ R(V ) withR(X)∩R(V ) 6= {~0} but ~1 /∈ R(V ),
so that r < N , then R = ~1 ∈ RN and K = (~1r, 0) ∈ Rr×(N−r) with ~1r ∈ Rr
and 0 ∈ Rr×[(N−r)−1] work. The preceding sections then apply verbatim because T
remains constant, independent of C.

4.2. Complementary Ranges
For some applicationsR(X)⊕R(V ) = RN so thatR(X) ∩R(V ) = {~0} but the

columns of (X,V ) form a basis of RN . Thus S = ∅ and

R = X =
(
~xC ~1

)
=
(
U1 U0

)
·
(
B1

B0

)
. (43)
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From equation (43) and U ′ ·U = I follow the equationsB1 = U ′1 ·X andB0 = U ′0 ·X:(
U ′1 ·

(
~xC ~1

)
U ′0 ·

(
~xC ~1

) ) =
(
U ′1
U ′0

)
·
(
~xC ~1

)
=
(
B1

B0

)
. (44)

Also, B0 = U ′0 · X is invertible because (U1, U0)′ · (V,X) is invertible and block
upper triangular with the lower right-hand block U ′0 ·X . Thus K := B1 · B−1

0 solves
B1 = K · B0. The design matrix X = (~xC ,~1) with U1 = (~u1, . . . , ~uN−2) and
U0 = (~uN−1, ~uN ) leads to

B1 =

 ~u′1 · ~xC ~u′1 ·~1
...

~u′N−2 · ~xC ~u′N−2 ·~1

 , B0 =
(
~u′N−1 · ~xC ~u′N−1 ·~1
~u′N · ~xC ~u′N ·~1

)
.

Ki,j = (B1 ·B−1
0 )i,j =

~u′i · ~xC · ~u′N+1−j ·~1− ~u′N+1−j · ~xC · ~u′i ·~1
~u′N−1 · ~xC · ~u′N ·~1− ~u′N · ~xC · ~u′N−1 ·~1

. (45)

If alsoR(~t,~1)⊕R(V ) = RN , then again U ′0 · (~t,~1) is invertible. As in Subsection 3.2,
the limited development ~xC = ~1+C ·~t+o(C ·~t) shows thatK converges, and hence so
does T , as C tends to 0, to the values ofK and T for the linear least-squares regression
with data (t1, q1), . . . , (tN , qN ) and covariance matrix V :

lim
C→0

Ki,j = lim
C→0

(B1 ·B−1
0 )i,j =

~u′i · ~t · ~u′N+1−j ·~1− ~u′N+1−j · ~t · ~u′i ·~1
~u′N−1 · ~t · ~u′N ·~1− ~u′N · ~t · ~u′N−1 ·~1

.(46)

As in Subsection 3.3, for C diverging to +∞, factoring out the largest term xCN =
eC·tN shows that xCk /x

C
N = eC·(tk−tN ) tends to 0 for tk < tN while xCN/x

C
N = 1, so

that ~xC/xCN tends to ~eN . If R(~eN ,~1) ⊕ R(V ) = RN , then U ′0 · (~eN ,~1) is invertible,
and Ki,j tends to

lim
C→+∞

Ki,j =
~u′i · ~eN · ~u′N+1−j ·~1− ~u′N+1−j · ~eN · ~u′i ·~1
~u′N−1 · ~eN · ~u′N ·~1− ~u′N · ~eN · ~u′N−1 ·~1

. (47)

Thus although B−1
0 diverges as C tends to 0 or ±∞, equations (45) and (47) show

that K is continuous on [−∞,+∞], so that T also converges and remains invertible
by formula (42).

5. Sufficient Criteria for Weighted Least-Squares Mitscherlich Curves to Be of
Specific Types

In applications, coefficients with different signs may reflect different phenomena
[49]. Yet highly correlated data may switch the signs of fitted coefficients [39]. There-
fore, this section focuses only on uncorrelated data to establish sufficient criteria for
weighted least-squares Mitscherlich curves to have parameters A, B, and C with spe-
cific signs. The relevant feature of uncorrelated weighted least-squares is that with a
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diagonal matrix T ′ · T the objectives (8) and (22) are monotonic increasing functions
of each residual |A · eC·tk + B − qk|. Consequently, to prove that a curve M† fits the
data better than a curve M‡ does, it suffices to prove that M† lies between M‡ and the
data, defined to mean that qk ≤ M†(tk) ≤ M‡(tk) or qk ≥ M†(tk) ≥ M‡(tk), so that
|M†(tk) − qk| ≤ |M‡(tk) − qk| for every k ∈ {1, . . . , N}. Thus the results hold not
only for weighted least squares, but also for objectives that are weighted `p-norms of
the residuals, with 2 replaced by any p ≥ 1 in formula (22).

5.1. Sufficient Criteria for Weighted Least-Squares Lines to Have Positive Slopes

Because the least-squares regression objective (22) is linear relative to A and B,
criteria for the signs of the coefficients rely on the signs of the slope and intercept
of least-squares lines. In this subsection the proofs are omitted because they involve
mostly straightforward algebra. Theorem 3 and formula (16) confirm that for uncorre-
lated data the weighted least-squares line has a positive slope for increasing data, and
a negative slope for decreasing data. (Theorem 3 fails with correlated data: the fitted
slope may have the opposite sign [39].)

Theorem 3. If T ′ · T is diagonal and invertible, and if the finite sequences ~x and ~y are
monotonic, either both non-decreasing, or both non-increasing, then covT (~x, ~y) ≥ 0.

If ~x or ~y is non-decreasing while the other is non-increasing, then covT (~x, ~y) ≤ 0.
Equality holds if and only if at least one of ~x or ~y is constant.

Theorem 5 shows that for convex or concave data, weighted least-squares lines
cross the polygonal function interpolating the data exactly twice, whence for convex
data weighted least-squares Mitscherlich curves cannot be concave. Definition 4 spec-
ifies these concepts.

Definition 4. For all data z1 = (x1, y1), . . . , zN = (xN , yN ) with x1 < · · · < xN
and N ≥ 3, let Ψ be the piecewise affine function interpolating all the data, so that
Ψ(xk) = yk for every k ∈ {1, . . . , N} and Ψ is affine on [xk, xk+1] for every k ∈
{1, . . . , N − 1}, extended affinely from [xN−1, xN ] to [xN−1,+∞[, and from [x1, x2]
to ]−∞, x1]. The data are convex or super-linear (respectively concave or sub-linear)
if and only if no triples of data points are collinear and Ψ is weakly convex (respectively
concave).

Theorem 5. If T ′·T is diagonal and invertible, and if the data z1 = (x1, y1), . . . , zN =
(xN , yN ) with x1 < · · · < xN are convex, then the weighted least-squares line L in-
tersects the piecewise affine interpolating function Ψ (from Definition 4) exactly twice.

Also, for each concave funtion Λ such that the complement of its graph R2\Λ splits
into two disjoint connected components, there is a line between Λ and the data. Hence
the weighted least-squares line L fits the data better than any such concave funtion Λ
does.

Theorem 5 also fails with correlated data: a line fitted to increasing and convex data
may have a negative slope and intersect the polygonal interpolating function only once
[39].

11



5.2. Sufficient Criteria for Weighted Least-Squares Mitscherlich Curves Not to Be Step
Functions

Subsection 3.3 shows that as the rate C diverges to ±∞ the generalized least-
squares Mitscherlich curves fitted to the data tend to step functions. For uncorrelated
monotonic data, however, this subsection shows that weighted least-squares Mitscher-
lich curves are not step functions. In this subsection the proofs involve mostly straight-
forward algebra and are omitted. Theorem 6 shows that for weighted least squares the
fitted step function begins or ends at the first or last data point as C diverges to −∞ or
+∞.

Theorem 6. If T ′ · T is diagonal, and if C diverges to +∞ (respectively −∞),
then the weighted least-squares Mitscherlich curves minimizing the objective (26) con-
verge on ] − ∞, tN ] (respectively [t1,+∞[) to a step function that passes through
ẑN = (tN , qN ) (respectively ẑ1) and coincides with the weighted least-squares con-
stant horizontal line for the remaining data over ]−∞, tN [ (respectively ]t1,+∞[).

Theorem 7 shows that for monotonic data, weighted least-squares Mitscherlich
curves curve are not step functions.

Theorem 7. For monotonic data, if T ′ · T is diagonal, then the objective (26) reaches
a minimum at a real rate C∗ ∈ R, and then A∗ 6= 0. If the data increase (respectively
decrease) and C∗ 6= 0, then C∗ and A∗ have equal (respectively opposite) signs.

5.3. Sufficient Criteria for Weighted Least-Squares Mitscherlich Curves to Have Posi-
tive Slopes and Intercepts

This subsection shows that for convex decreasing positive data, weighted least-
squares Mitscherlich curves are convex and decreasing. If the data are also logarithmi-
cally convex, then weighted least-squares Mitscherlich curves are positive.

Theorem 8 shows that for convex decreasing positive data there exists a convex
weighted least-squares Mitscherlich curve that fits the data better than any line does.

Theorem 8. For all convex, decreasing, and positive data q1 > · · · > qN > 0 with
t1 < · · · < tN , if T ′ · T is diagonal and invertible, then there exists a Mitscherlich
curve with A > 0 > C and B < q1 between the data (t1, q1), . . . , (tN , qN ) and the
weighted least-squares line (or any line intersecting Ψ at exactly two distinct points)
and hence fits the data better than any line does.

Proof. Theorem 5 shows that the weighted least-squares line L intersects the piecewise
affine interpolating function Ψ at exactly two distinct points ẑ† = (t†, q†) and ẑ‡ =
(t‡, q‡). By convexity of the data, L does not pass through any data points other than
ẑ† and ẑ‡ (which may, but need not, be data points). For each B < min{q†, q‡} there
exists a unique Mitscherlich curve MB;ẑ†,ẑ‡(t) = AB · eCB ·t + B through ẑ† and ẑ‡
with parameter B, and then AB > 0 > CB [40, Lemma 10]. In particular, MB;ẑ†,ẑ‡ is
convex, because AB > 0 > CB . Also, MB;ẑ†,ẑ‡ tends to L uniformly on compacta as
B diverges to−∞ [40, Lemma 13]. Consequently, there exists someB < min{q†, q‡}
such that MB;ẑ†,ẑ‡ lies between the data and L, so that MB;ẑ†,ẑ‡ fits the data better
than L, and hence better than any line does.
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Theorem 9 shows that for all convex decreasing positive data, weighted least-
squares Mitscherlich curves have negative exponential rates.

Theorem 9. For all convex, decreasing, and positive data q1 > · · · > qN > 0 with
t1 < · · · < tN , if T ′ · T is diagonal and invertible, then A∗ > 0 > C∗ and B∗ <
meanT (~q).

Proof. Theorem 7 shows that for monotonic data the objective (26) reaches a minimum
at a real rate C∗ ∈ R, for which A∗ 6= 0. Theorem 8 shows that for convex decreasing
positive data a weighted least-squares Mitscherlich curve is not a line, so that C∗ 6= 0
by subsection 3.2. The proof proceeds to exclude C∗ > 0.

If C > 0, then the transformed data still decrease, because 0 < xC1 < · · · < xCN
but q1 > · · · > qN > 0. Theorem 3 then shows that the line fitted to the transformed
data has a negative slope AC < 0 < C, so that the fitted Mitscherlich curve MC(t) =
AC ·eC·t+BC is decreasing and concave. Theorems 5 and 8 then show that there exists
a Mitscherlich curve MC† with A† > 0 > C† that fits the data better than MC does.
Therefore, any Mitscherlich curve MC with C ∈ {−∞}∪ [0,+∞] is not a best-fitting
Mitscherlich curve. By the existence of a best-fitting curve (Theorem 2), it follows that
a best-fitting Mitscherlich curve has a negative rateC∗ < 0. Also,A∗ > 0 by convexity
and Theorems 7 and 8. From A∗ > 0 and meanT (~xC) > 0 follows B < meanT (~q) by
formula (24).

Definition 10. A finite sequence of positive data z1 = (x1, yN ), . . . , zN = (xN , yN )
with N ≥ 3 for which x1 < · · · < xN and y1, . . . , yN > 0 is logarithmically convex
or super-exponential (respectively logarithmically concave or sub-exponential) if and
only if the logarithmically transformed data ζk := (xk, ηk) with ηk := ln(yk) for every
k ∈ {1, . . . , N} are convex (respectively concave) as specified by Definition 4.

Lemma 11. If the decreasing positive data ẑk = (tk, qk) are logarithmically convex,
then they are convex.

The proof of Lemma 11 uses only straightforward algebra. Theorem 12 shows
that for all decreasing, positive, and logarithmically convex data, a weighted least-
squares Mitscherlich curve has a negative exponential rate and positive intercept and
exponential coefficient, so that it is the reciprocal of a Verhulst curve.

Theorem 12. For all logarithmically convex data q1 > · · · > qN > 0 with t1 < · · · <
tN , if T ′ · T is diagonal and invertible, then A∗ > 0 > C∗ and 0 < B∗ < meanT (~q).

Proof. Theorem 9 already shows that A∗ > 0 > C∗ and B∗ < meanT (~q). The proof
first excludes B < 0. To this end, with ˙ denoting differentiation, let

W (t) := ln
(
A · eC·t +B

)
,

Ẇ (t) = C ·
(

1− B

A · eC·t +B

)
,

Ẅ (t) =
A ·B · C2 · eC·t

(A · eC·t +B)2 .
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Thus if A > 0 > C but B < 0, then W is concave on its domain of definition.
In contrast, if every triple of data points decreases super-exponentially, then the

logarithmically transformed data ζj := (tj , ηj) := (tj , ln qj) decrease super-linearly
and are thus convex. Theorem 5 then shows that there exists a line with equation
η = α + γ · t that lies between W and the transformed data. Since the logarithm and
exponential transformations preserve the order on R, the exponential function eα+γ·t =
A · eγ·t + 0 still lies between the data and the Mitscherlich curve A · eC·t + B with
B < 0, which is thus not optimal.

Theorem 5 also shows that the weighted least-squares line L fitted to the trans-
formed data ζj crosses the polygonal function Ψ interpolating the transformed data ζj
at exactly two points, ζ† = (t†, η†) and ζ‡ = (t‡, η‡). With q† := eη† and q‡ := eη‡ ,
for each B such that 0 < B < qN there exists a unique Mitscherlich curve MB;ẑ†,ẑ‡

through ẑ† := (t†, q†), and ẑ‡ := (t‡, q‡), and then A > 0 > C [40, Lemma 10]. Yet
W is convex for B > 0. Also, W converges uniformly on compacta to L as B tends
to 0 [40, Lemma 13]. Consequently, there exists B† such that 0 < B† < qN and W
lies between L and the data. Hence MB†;ẑ†,ẑ‡ lies between the exponential function
eL(t) = A · eγ·t + 0 and the data. Thus B = 0 is not optimal either. Hence B∗ > 0.

By the existence of a best-fitting Mitscherlich curve (Theorem 2), it follows that a
best-fitting Mitscherlich curve has parametersA∗ > 0 > C∗ and 0 < B∗ < meanT (~q).

Remark 13. Similar results hold for positive data (t1, p1), . . . , (tN , pN ) increasing
sub-linearly: for any M > pN = maxj pj , setting q := M − p produces transformed
positive data that decrease super-linearly. Transforming the fitted Mitscherlich law
q = A∗ · eC∗·t + B∗ with A∗ > 0 > C∗ and B∗ < meanT (~q) = M − meanT (~p)
back to p = M − q gives p = −A∗ · eC∗·t + (M − B∗) with −A∗ < 0, C∗ < 0,
and M − B∗ > M − meanT (~q) = meanT (~p) > 0. Vertical distances are invariant
under vertical shifts, so that shifting M by ∆M shifts all the data vertically by ∆M ,
and hence also shifts B∗ by ∆M , leaving M −B∗ unchanged. Indeed, shifting all the
data vertically by ∆M also shifts their mean meanT (~q) by ∆M , which has no effects
on the centered differences ~q −meanT (~q) ·~1 in objective (26).

See also [21] for similar results.

6. Examples

The first three examples presented here validate the foregoing theory by compar-
isons with other published examples. The last example provides some insight into the
growth rate of organisms. The number of displayed significant digits bears no relations
with accuracy but indicates where results from various methods begin to differ from
one another. On the axes in the figures, tick marks identify the data points, obviating
the need for Tables.

6.1. Mitscherlich Curves Fitted by Weighted Least Squares

This subsection demonstrates Mitscherlich curves fitted by weighted least squares
to data from chemistry. Results from these ancient experiments have recently proved
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useful in studying greenhouse effects [14]. The significance of the present theory is
that for such data there exists a priori a best-fitting Mitscherlich curve with parameters
A∗ < 0 and C∗ < 0 but B∗ > 0, reflecting the postulated type of the reaction.

Example 14. Table 1, in its first three columns, shows Ostwald’s data on the hydrol-
ysis of methyl acetate (M = CH3COOCH3) with hydrochloric acid (A = HCl) into
methanol (N = CH3OH) and acetic acid (C = CH3COOH), according to the stoichio-
metric equation

A + M + H2O 
 A + N + C.

Thus in dilute solutions with initial concentrations b := [M]0 > 0 and [C]0 = 0 = [N]0
at time t = 0, the sums of concentrations remain constant: [C] + [M] = [M]0 =
[N] + [M] at all times. At any time, the concentration (x) of acetic acid [C] can be
measured by titration with a volume (y) of barium hydroxide (Ba(OH)2) [42], which
provides a means to test models of the mechanism of the reaction: in chemistry, the type
of the fitted curve, rather than the values of its parameters, is “the principal evidence
for the postulated mechanisms” of a reaction [24, p. 10]. For example, if the speed
dx/dt of the reaction is proportional to the product of concentrations a := [A] and
[M] = [M]0 − [C] = b− x, then

dx

dt
= kf · a · (b− x), (48)

where kf > 0 is the forward constant of proportionality. For x(0) = 0, the solution
is x(t) = b · (1 − e−kf ·a·t). However, the initial conditions may not be ideal [42], so
that if t0 denotes the time when conditions begin to be ideal, then x(t0) need not be
0. Moreover, the measured quantity is not x but the volume y of barium hydroxide
that titrates the concentration of acetic acid, and the solution of hydrochloric acid alone
titrates at 13.33 [cm3] of barium hydroxide [42, p. 452]. Therefore, y(t) = B+A ·eC·t
with y(0) = B + A · eC·0 = B + A ≈ 13.33 after re-setting the clock to 0 at t0.
Also, limt→∞ y(t) = B with C < 0. Thus A and B reflect the initial and final
boundary conditions. It is the rate C, with its dependence on such factors as pressure
and temperature, that reflects the physical mechanisms of the reaction [14], [19].

Table 1 also shows the mean yk Ostwald’s two measurements yk,1 and yk,2 at each
time tk. Calculations confirm that all triples of data are positive, increasing, and log-
arithmically concave (sub-exponential), and hence also concave (sub-linear). Con-
sequently, ordinary and weighted least-squares Mitscherlich curves have parameters
A∗ < 0 and C∗ < 0 but B∗ > 0, conforming to Remark 13. The last column in
Table 1 shows the reciprocals of the variances of yk,1 and yk,2 at each time tk, normal-
ized to add to 1, which can be used as weights. Table 2 shows the fitted weighted and
unweighted Mitscherlich parameters.

According to Ostwald the half-life is about 140 [s] [42, p. 453], which corresponds
to C = ln(2)/140 ≈ 0.00495, agreeing to two significant digits with the fitted values.

Remark 15. Although the literature on this topic focuses on ordinary least squares,
each measurement may involve a procedure that requires a substantial amount of time,
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Table 1: Titration of hydrochloric acid and methyl acetate with barium hydroxide [42, Table I, p. 451–452].
TIME BARIUM HYDROXIDE

[MIN] [cm3] [cm3] MEAN∗ SQUARED WEIGHTS †

15 14.22 14.28 14.250 0.010886
35 15.34 15.49 15.465 0.001742
60 16.84 16.85 16.845 0.391895
90 18.23 18.25 18.240 0.097974

120 19.51 19.45 19.480 0.010886
160 20.90 20.94 20.920 0.024493
200 22.19 22.10 22.145 0.004838
240 23.14 23.05 23.095 0.004838
300 24.20 24.21 24.205 0.391895
400 25.42 25.50 25.460 0.006123
540 26.40 26.43 26.415 0.043544

1440 27.47 27.41 27.440 0.010886

∗Re-computed from the previous two columns, as opposed to Ostwald’s rounded mean.
†Normed reciprocals of the variances computed from the preceding three columns, rounded for display

purposes.

Table 2: Fitting a Mitscherlich curve (1) to the data (+) in Table 1 and Figure 1 with Matlab 7 on Mac Pro.
REGRESSION FITTED VALUES FIT

Â B̂ Ĉ Â+ B̂ R2 = 1− F (Ĉ)
〈q̌,q̌〉

F (Ĉ)

〈~1,~1〉
Ostwald [42] −0.00495 13.33
Unweighted −14.264 27.45 −0.00490 13.190 0.999937 0.00111
Weighted −14.268 27.46 −0.00492 13.191 0.999961 0.00054

so that the uncertainty in the “independent” variable may be comparable to the uncer-
tainty in the “dependent” variable (John E. Douglas: [19] and personal communica-
tion).

6.2. Mitscherlich Curves Fitted by Generalized Least Squares
This subsection shows Mitscherlich curves fitted to correlated data by ordinary,

weighted, and generalized least squares. In the range of fertilizer levels where crop
yield increases with fertilizer use, Mitscherlich curves fit the data better than other
curves do, and their parameters have biological interpretation: B is the asymptotic
least upper bound on yield, C is the increase in yield per additional unit of fertilizer,
and A corresponds to the yield without any fertilizer [7, Ch. 1].

Example 16. F. Pimentel Gomes fitted Mitscherlich’s curves to the data in Table 3
[47, p. 510]. The sums of squares, weights, and Shapiro-Wilk’s W were computed
separately.

With yk denoting the mean of the four yields at each concentration tk of fertilizer,
calculations confirm that all triples of data are positive, increasing, and logarithmi-
cally concave (sub-exponential), and hence also concave (sub-linear). Consequently,
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Figure 1: Mitscherlich curve (1) fitted by weighted least squares to Wilh. Ostwald’s data (+) [42, Table
I, p. 451–452]. Public-domain picture of a methyl acetate molecule by Ben Mills and Ephemeronium
(http://en.wikipedia.org/wiki/File:Methyl-acetate-3D-balls.png).

ordinary and weighted least-squares Mitscherlich curves have parameters A∗ < 0 and
C∗ < 0 but B∗ > 0, conforming to Remark 13.

Least squares, as opposed to other objectives, serve as a comparison with Pimentel
Gomes’s original results [47, p. 510–112] but do not imply any Gaussian normality in
the distribution of errors, as revealed by the Shapiro-Wilk W statistics for normality
[17, § 9.3.4.1, p. 393–395] for the data in table 3: for the last columnW exceeds 0.970,
which is above the 50% level, but for the second column W has the value 0.721, which
is below the 05% level, and hence cautions against using any hypothesis of normality
in the data.

Also, the covariance matrix is far from diagonal, which suggests the use of gen-
eralized least-squares, [57, § 2.5, p. 137–145]. Exact rational arithmetic with Math-
ematica

TM
reveals that the covariance matrix V has a 2-dimensional null space, and

hence is not invertible. Also, the null space is not perpendicular to ~1 or, equivalently,
~1 /∈ R(V ). Nevertheless, for C 6= 0 and at the limt C → 0 the column space of
the identity I ∈ R2×2 is a subset of the column space of the transposed design matrix
X ′ = (~xC ,~1)′ and X ′ = (~t,~1)′, so that the parameters can still be estimated [2, corol-
lary 4.2], [3, p. 183], [37]. Exact calculations neither bear nor imply any relations
with the accuracy of the data; instead, by showing that the data lie at a singularity,
exact calculations justify the use of theoretical and computational methods that remain
stable across and near such a singularity, where perturbed data may also lie.

Table 4 displays the fitted parameters. Figure 2 shows the data and the fitted curves.
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Table 3: Yield of Irish red potato crops with various levels of triple superphosphate fertilizer [47, p. 510].

TRIPLE SUPERPHOSPHATE [LBS/ACRE]
0 40 80 120 160

199.2 292.3 387.2 491.4 387.2
1945 YIELD 210.3 387.2 418.8 504.5 629.2
[65 LBS/ACRE] 253.1 396.6 508.3 446.8 523.1

268.0 400.2 508.2 523.1 506.5
MEANS 232.65 369.075 455.625 491.45 511.5
SUMS OF SQUARES∗ 3286.25 7949.3075 11576.8475 3165.65 29463.34
SQUARED WEIGHTS† 0.351259 0.145211 0.099710 0.364641 0.039178
SHAPIRO-WILK’S W 0.902 0.721 0.833 0.943 0.970

∗Sums of squared deviations from each column mean.
†Reciprocals of Sums of Squares normalized to add up to 1.

Table 4: Mitscherlich parameters (1) fitted by least squares to Pimentel Gomes’s 1945 data [47, p. 510].

SOURCE Â B̂ Ĉ R2∗ F (Ĉ)/〈~1,~1〉
Pimentel Gomes [47, p. 511] −307.5 539.1 −0.0155 0.9987 14.0325
Equal weights 1/5 −307.6 539.16 −0.01551 0.9989 11.224
Weights from Table 3 −310.9 542.22 −0.01498 0.9994 6.011745
Generalized (Subsection 4.2) −327.4 556.08 −0.01387 0.9999 0.471742

∗R2 = 1− F (Ĉ)/〈q̌, q̌〉

6.3. Verhulst Curves from Reciprocal Mitscherlich Curves

This subsection shows Mitscherlich curves fitted by weighted least squares and
their reciprocal Verhulst curves. Taking the reciprocals of measurements changes their
variability according to the formula

1
p
− 1
y

=
y − p
y
· 1
p
. (49)

Consequently, fitting a value 1/p to the reciprocals qk = 1/yk of data ordinates yk may
utilize weights proportional to the same ordinates, so that T = diagonal(y1, . . . , yN ).

Example 17. Raymond Pearl and Lowell J. Reed fitted a Verhulst curve to the 1790–
1910 U.S. Census data by selecting the Verhulst curve passing through the data in 1790,
1850, and 1910 [44, p. 283, eq. (xviii)]:

y =
2 930 300.9

e−.0313395·(t−1780) + 0.014854
.

Table 5 compares the parameters fitted to the reciprocal data by the methods of Sec-
tion 3 with the corresponding parameters computed from Pearl and Reed’s equation
[44, p. 283, eq. (xviii)]. Figure 3 shows their reciprocals: Verhulst curves fitted to
Pearl & Reed’s data.
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Figure 2: Mitscherlich’s shifted exponential (1) fitted to F. Pimentel Gomes’s 1945 data (+) [47, p. 510] by
weighted (−−) unweighted (· · · ) and generalized (−) least squares.
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Figure 3: Verhulst curve (6) fitted to the reciprocals of Pearl & Reed’s data (+) [44,
p. 277, Table 1] as the reciprocal of the fitted Mitscherlich curve. Image courtesy NASA
(http://eoimages.gsfc.nasa.gov/ve/1438/earth lights lrg.jpg).

Remark 18. Bradley [8] argues by dimensional analysis that the ratio R := (K −
y)/y = (q − B)/B = q/B − 1 is a quantity more natural than y. Still, large positive
values of y have small positive reciprocals q, with yet smaller differences of positive re-
ciprocals, so that fitting curves to reciprocal data amounts to assigning smaller weights
to larger data.

6.4. West Growth Curves Fitted by Non-Linear Least-Squares
The present section demonstrates how to use the foregoing theory to fit West’s

ontogenetic growth curves to data on the growth of individual organisms from a species
apparently not yet fitted in this way.
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Table 5: Fitting a Mitscherlich curve (1) and Verhulst curve (6) to the data (+) in Figure 3 with Matlab 7 on
a Mac Pro.

REGRESSION FITTED VALUES FIT ∗

K̂ D̂ Ĉ R2† F (Ĉ)/〈~1,~1〉
Weighted least-squares 197 417 484 60.039 −0.03136 0.99951 10−19

[44, p. 283, eq. (xviii)] 197 254 931 59.994 −0.03134 0.99947 10−19

∗Relative to the Mitscherlich curve fitted to the weighted reciprocals of the data.
†1− F (Ĉ)/〈q̌, q̌〉

Example 19. Joseph Pearson measured the weight of Placuna placenta (window-pane
oysters) semi-yearly [45, p. 14–15]. He does not state the birth date of Oysters, but
his graphically fitted growth curve (shown without any formula [45, Fig. 2, p. 18])
passes through (February, 0) [month, mm]. Other sources confirm that in that part of
the world oysters spawn in February–April and October–December [38]. To avoid any
guesswork the present example fits West’s ontogenetic curves to Pearson’s listed times
instead of estimated ages. However, the uncertainty in age may be comparable to the
uncertainty in weight.

Figure 4 shows that Pearson’s data increase monotonically. Theorem 7 then guar-
antees the existence of a least-squares Mitscherlich curves for the fourth roots of the
data, with the same sign for A and C. Table 6 lists the computed Mitscherlich parame-
ters Â, B̂, and Ĉ. Table 7 gives the West parameters a, m0, and M computed from Â,
B̂, and Ĉ. Table 7 also provides the West parameters fitted directly to Pearson’s data
(as indicated by West et. al [62, p. 628, after eq. (5)]), here by MATLAB’s cftool.
Figure 4 shows that West’s direct method yields smaller residuals than does the fourth
power of the fitted Mitscherlich curve. Still, no theorems guaranteeing the existence of
such a best-fitting West curve seem known.

Table 6: Fitting a Mitscherlich curve (1) to the fourth root of the data (+) in Figure 4 with Matlab 7 on a
Mac Pro.

REGRESSION FITTED VALUES FIT∗

Â B̂ Ĉ R2 = 1− F (Ĉ)
〈q̌,q̌〉

F (Ĉ)

〈~1,~1〉
Unweighted −3.9064 5.1422 −0.017628 0.9972 0.002

∗Relative to the Mitscherlich curve fitted to the transformed data (t,m1/4).

Table 7: West ontogenetic growth curves (5) fitted to the data (+) in Figure 4, with Matlab 7 on a Mac Pro.

FROM a [g1/4/month] m0 [g] M [g] S∗

Table 6. 0.3626 2.3323 699.2 −1.01
MATLAB’s cftool 0.2549 6.937 1565 −1.04

∗Slope of the total least-squares line fitted to Rk = ln[1− (mk/M)1/4] vs. τk = tk · a/(4 ·M1/4).
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Figure 4: West ontogenetic growth curve (5) fitted to Joseph Pearson’s data (+) [45, p. 14–15]. Photograph
c©M. G. Harasewych [26] used by permission.

7. Conclusions

For each finite sequence of positive data, the foregoing theory guarantees the exis-
tence of at least one best-fitting weighted least-squares generalized Mitscherlich curve
(shifted exponential, affine, or step function). If positive data increase monotonically
sub-exponentially, then every such best-fitting Mitscherlich curve has a positive inter-
cept (B) with a negative slope (A) and a negative exponential rate (C).

If positive data increase monotonically sub-exponentially, then the reciprocal of
the Mitscherlich curve fitted to their reciprocals is a Verhulst curve. If the fourth roots
of positive data increase monotonically sub-exponentially, then the fourth power of
the Mitscherlich curve fitted to their fourth roots is a West ontogenetic growth curve.
Verhulst and West curves fitted by such transformations may lead to larger residuals
and poorer fits than do Verhulst and West curves fitted directly to the data. Theorems
about the existence of such directly fitted curves exist for Verhulst curves [29], but still
seem lacking for West curves.

In practice the uncertainty in the “independent” variable may be comparable to the
uncertainty in the “dependent” variable, which would call for orthogonal total least-
squares. Theorem about the existence of total least-squares curves exist, for example,
for the Michaelis-Menten first-degree rational curve for enzyme kinetics [28], but such
theorems also seem lacking for Mitscherlich, Verhulst, and West curves.
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